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Abstract
New notions of amenability and contractability are introduced. Examples are given to show
that for most of the new notions, the corresponding class of Banach algebras is larger than
that for the classical amenable algebras introduced by Johnson. General theory is developed
for these notions, and studied for several concrete classes of Banach algebras; special
consideration is given to Banach algebras deﬁned on locally compact groups.
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1. Introduction
For a Banach algebra A; an A-bimodule will always refer to a Banach A-bimodule
X, that is, a Banach space which is algebraically an A-bimodule, and for which there
is a constant C ¼ CXX0 such that for aAA; xAX ;
jja  xjjpCjjajj jjxjj ; jjx  ajjpCjjajj jjxjj:
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Since CX may always be replaced by any larger constant, we will always assume that
CXX1: A derivation D : A-X is a linear map, always taken to be continuous,
satisfying
DðxyÞ ¼ DðxÞ  y þ x  DðyÞ ðx; yAAÞ:
A Banach algebra A is amenable if for any A-bimodule X ; any derivation D : A-X 
is inner, that is, there is xAX  with DðaÞ ¼ a  x x  a ¼ adxðaÞ; ðaAAÞ: This notion,
introduced in [18], has proved to be useful and powerful. There are many alternative
formulations of the notion of amenability, of which we note the following, for
further details see [2,6,7,17,26]. The Banach algebra A is amenable if and only if any,
and hence all, of the following hold, where p : Ac#A-A is the natural extension of
the product map a#b/ab:
(i) (Johnson [19]) A has an approximate diagonal, that is, a bounded net
ðmiÞCAc#A such that for each xAA; mi  x  x  mi-0; pðmiÞ  x-x;
(ii) (Johnson [19]) A has a virtual diagonal, that is, an element MAðAc#AÞ such
that for each xAA; x  M ¼ M  x; ðpMÞ  x ¼ x:
(iii) (Gourdeau [15]) any derivation of A into any Banach A-bimodule is the strong
limit of a net of inner derivations which have a bounded net of implemented
elements.
The basic deﬁnition for the present paper is the following.
Deﬁnition 1.1. A derivation D : A-X is approximately inner if there exists a net
ðxnÞCX such that for every aAA; DðaÞ ¼ limnða  xn  xn  aÞ; the limit being in
norm. That is, D ¼ st–lim adxn for some net ðxnÞCX :
Note we do not suppose that ðxnÞ be bounded. The motivation for the deﬁnition
comes from the study of derivations on L1ðGÞ [14], the amenability of Segal algebras
[11], and also from (iii) above, where however, the net of implementing elements is
taken to be bounded.
The assumption of existence of a net with DðaÞ ¼ limnða  xn  xn  aÞ weakly is in
fact equivalent. The stronger assumption, that D is in the uniform closure of the
inner derivations, has been well studied in the C-algebra case with the restriction to
the single bimodule X ¼ A; see [1,21]. The case of semigroup algebras is considered
in [3] for the bimodule A:
For a Banach algebra A and Banach A-bimodule X ; it will be convenient to write
ZðA; X Þ for the space of derivations (1-cocyles) from A into X ; BðA; X Þ for the
inner derivations (1-coboundaries).
Deﬁnition 1.2. A is approximately amenable if for any A-bimodule X ; every
derivation D : A-X  is approximately inner.
Thus, approximate amenability is the statement that ZðA; X Þ ¼ BðA; X Þstrong
for all A-bimodules X :
ARTICLE IN PRESS
F. Ghahramani, R.J. Loy / Journal of Functional Analysis 208 (2004) 229–260230
Deﬁnition 1.3. A is approximately contractible if for any bimodule X ; every
derivation D : A-X is approximately inner.
Remark. The notion of approximate biprojectivity is considered in [27]. This is
deﬁned in terms of bimodule maps which are approximate inverses to the
multiplication map p; but (looking ahead to Theorem 2.2) we have exact inverses
which are approximately bimodule maps. In both notions, however, no boundedness
conditions are imposed on the approximating nets.
Result (iii) above shows that amenability implies approximate contractibility. If A
is commutative, then any inner derivation D : A-A is zero, so if A is approximately
amenable, any derivation, being the strong limit of such, is also zero. Thus A is
weakly amenable.
The qualiﬁer sequential on the above deﬁnitions will indicate that there exist
sequences of approximating inner derivations. Similarly uniform will indicate that the
convergence of the net is uniform over the unit ball of A; that is, ZðA; Þ ¼
BðA; Þjjjj; weak that convergence is in the appropriate weak-topology. Clearly
uniform implies sequential. We can also apply these various approximate notions to
weak amenability, where A is the only module considered.
Recall that an A-bimodule X is neo-unital if
X ¼ A  X  A ¼ fa  y  b : a; bAA; yAXg;
essential if
X ¼ AXA ¼ closed spanfa  y  b : a; bAA; yAXg:
Clearly neo-unital implies essential, and an important consequence of the Cohen–
Hewitt factorization theorem is that the converse holds when A has a bounded
approximate identity. This is reﬂected in their synonymous usage in [24].
When A has a bounded approximate identity, A is amenable if and only if
derivations into the duals of neo-unital bimodules are inner [18]. With this in mind
we make the following deﬁnitions.
Deﬁnition 1.4. A Banach algebra A is essentially amenable if every derivation
D : A-X  is inner for any neo-unital A-bimodule X :
Deﬁnition 1.5. A Banach algebra A is approximately essentially amenable if every
derivation D : A-X  is approximately inner for any neo-unital A-bimodule X :
Remark. Note that in these deﬁnitions the bimodules are to be neo-unital, rather
than just essential. In the case that A has a bounded approximate identity, the
distinction disappears, but in general there would seem not to be any way to deal
with essential bimodules which fail to be neo-unital.
Recall the term unital Banach algebra refers to a Banach algebra with identity e
with jjejj ¼ 1: Certain estimates (such as Lemma 2.3) depend on this fact. For this
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reason we sometimes need to take the unitization A# of an algebra A which already
has an identity. For a Banach algebra A we will be considering its bidual A: This
will always be taken with the ﬁrst (or left) Arens product. Thus the map
A-A : m/mn is weak-continuous for each nAA; whereas m/nm need only
be weak-continuous for nAA:
The organization of the paper is as follows. Section 2 begins with some
basic properties of approximately amenable Banach algebras, including the exis-
tence of one-sided approximate identities for such algebras and their comple-
mented ideals, intrinsic characterization of approximate amenability and the
relation between approximate of the second dual of an algebra and the algebra
itself. We also show that in the presence of bounded approximate identities the
direct sum of two approximately amenable Banach algebras is approximately
amenable.
Section 3 gives a complete characterization of approximate amenability for the
group algebra L1ðGÞ; the measure algebra MðGÞ; and the second dual algebra
L1ðGÞ: Necessary and sufﬁcient conditions are also obtained for L1ðGÞ to be
essentially amenable.
In Section 4 it is shown that a uniformly approximately contractible Banach
algebra is in fact contractible, and a uniformly approximately amenable Banach
algebra, together with its complemented ideals, have bounded approximate
identities.
In Section 5 we derive some estimates for the amenability constant of the
unitization of an amenable Banach algebra in terms of that of the algebra itself.
These estimates are used in Section 6 to show the existence of approximately
amenable, non-amenable (non-weakly amenable) algebras. We show that for
1ppoN; the weakly amenable algebras cp (with pointwise operations), are not
sequentially approximately amenable.
In Section 7 we show that all the Segal algebras of locally compact groups, and for
any 1ppoN; the Schatten operator ideals Sp; and the Banach algebras cpðX Þ;
X arbitrary, are essentially amenable.
Section 8 gives some other approaches to demonstrating derivations are
approximately inner. Finally, in Section 9 we list some open questions concerning
these new concepts.
2. Basic properties
Recall that a point derivation d at a character f of an algebra A is a linear
functional satisfying dðxyÞ ¼ dðxÞfðyÞ þ fðxÞdðyÞ; ðx; yAAÞ: That is, d is a
derivation into the bimodule C; where the latter has operations x  l ¼ l  x ¼
lfðxÞ; xAA; lAC:
Proposition 2.1. Suppose that A admits a non-zero continuous point derivation. Then A
is not approximately weakly amenable.
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Proof. Let d be non-zero point derivation at a character f: Then the map
D : A-A : x/dðxÞf is a derivation since
DðxyÞ ¼ dðxÞfðyÞfþ fðxÞdðyÞf ¼ dðxÞf  y þ x  fdðyÞ:
Supposing D were approximately inner, say D ¼ lim adxn ; then for xAA;
dðxÞfðxÞ ¼ lim adxn ðxÞðxÞ ¼ lim/x  xn  xn  x; xS ¼ lim xnðx2  x2Þ ¼ 0:
Thus d vanishes off kerðfÞ: But for ze kerðfÞ; and xA kerðfÞ; 2x ¼ ðx þ zÞþ
ðx  zÞ with x7ze kerðfÞ; so dðxÞ ¼ 0: Thus d ¼ 0; contrary to hypothesis. &
The immediate question is which of the standard constructions for amenable
algebras work for the ‘approximate’ concepts. Many of the proofs to follow
are variants on the classical arguments, with due care given to possible
unboundedness.
Lemma 2.1. Suppose that A has a weak left (or right) approximate identity. Then A
has a left (right) approximate identity.
Proof. Let x1;y; xkAA: The hypothesis shows that given e40 and f1;y;fcAA
;
there exists zAA such that
jfjðzxi  xiÞjoe ð1pipk; 1pjpcÞ:
It follows that
ðx1;y; xkÞAfconvðxx1;y; xxkÞ : xAAgweak
¼ fconvðxx1;y; xxkÞ : xAAgjjjj: &
Lemma 2.2. Suppose that A is approximately amenable. Then A has left and right
approximate identities. In particular A2 is dense in A.
Proof. Take X ¼ A with usual right action, and zero left action. Then the
natural injection a/ba : A-A is a derivation. Thus there is a net ðEnÞCA
with a  En-ba for each aAA: Take ﬁnite sets FCA; FCA and e40: Let H ¼
ff  a : aAF ;fAFg; K ¼ maxfjjcjj; jjfjj : cAH;fAFg: Then there is n ¼ nðF ;F; eÞ
such that jjba  a  Enjjoe=ð2KÞ for aAF : By Goldstine’s theorem there is bnAA
such that
j/c; bnS/En;cSjoe=2 ðcAHÞ:
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Thus for each aAF ;fAF;
j/f; abnS/f; aSjp j/f; abnS/a  En;fSj þ j/a  En  ba;fSj
p j/f  a; bnS/En;f  aSj þ e=2
p e:
Thus ðbnÞðF ;F;eÞ is a weak right approximate identity for A:
An analogous argument works on the left. Now apply Lemma 2.1. &
We remark that if A ¼ B is a dual space, and j : B-B the canonical injection,
then j :A-A is a homomorphic retraction, so approximate identities in A; as
above, directly yield ones for A:
When A has bounded left and right approximate identities, it has a two-sided
bounded approximate identity [2,9, Proposition 11.6; Proposition 2.6]. This need not
hold in the unbounded case [9, Example 2.2].
Note that if A does not consist of left topological divisors of zero, nor of right
topological divisors of zero, then [23, Proposition 3] shows that if A has one-sided
approximate identities, then A has a bounded approximate identity.
Proposition 2.2. Suppose that A is approximately amenable (resp. essentially
amenable) and F : A-B is a continuous epimorphism. Then B is approximately
amenable (resp. essentially amenable).
Proof. For a B-bimodule X ; let Y ¼ X be the A-bimodule with actions induced via
F; noting that neo-unital bimodules remain neo-unital. If D : B-X  is a derivation,
then D3F : A-Y  is a derivation. Thus if A is approximately amenable (essentially
amenable), there is ðxnÞCX  with ðD3FÞðaÞ ¼ limn ½FðaÞ  xn  xn  FðaÞ; aAA;
(a single x sufﬁcing in the essential case) that is, D is approximately inner (resp.
inner). &
Corollary 2.1. Suppose that A is approximately amenable (resp. essentially amenable),
and J is a closed two-sided ideal of A. Then A=J is approximately amenable (resp.
essentially amenable). If J is amenable and A=J is approximately amenable, then A is
approximately amenable.
Proof. Immediate from Proposition 2.2. In the reverse direction, the standard
argument, [24, 1.30] applies. &
Remark. This argument does not extend to the closure of a homomorphic image,
since ðxnÞ need not be bounded. Whether J and A=J both approximately amenable is
sufﬁcient to show A approximately amenable is not known.
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Proposition 2.3. Suppose that A is approximately amenable and has a bounded
approximate identity, and that B is amenable. Then Ac#B is approximately amenable.
Furthermore, if A is not amenable, and B admits a non-zero character, then Ac#B is
not amenable.
Proof. The argument of [18, 5.4] sufﬁces to show approximate amenability. For a
non-zero character f on B; the map a#b/afðbÞ determines an epimorphism of
Ac#B onto A: So if Ac#B were amenable, A would also be amenable, contrary to
hypothesis. &
Remark. Any condition that ensures A a quotient of Ac#B sufﬁces here.
We will need a reﬁnement of [2, Lemma 43.6].
Lemma 2.3. Let A be a unital Banach algebra with identity e, X an A-bimodule,
D : A-X  a derivation. Then there is a derivation D1 : A-e  X   e; and ZAX ; such
that
(1) jjZjjp2CX jjDjj;
(2) D ¼ D1 þ adZ:
Proof. Write Y1 ¼ e  X   e; Y2 ¼ ð1 eÞ  X   e; Y3 ¼ e  X   ð1 eÞ; Y4 ¼ ð1 eÞ 
X   ð1 eÞ; and let pj : X -Yj be the associated projections. Thus X  ¼
Y1"Y2"Y3"Y4: Note that action on the left (resp. right, both sides) on
Y2 (resp. Y3; Y4) is zero. Consider the derivations Dj : pj3D; so D ¼ D1þ
D2 þ D3 þ D4: Then D2 ¼ adðD2eÞ; D3 ¼ adD3e; and D4 ¼ 0: Setting Z ¼
D3e  D2e ¼ e  De  ð1 eÞ  ð1 eÞ  De  e ¼ e  De  De  e; we have jjZjjp
2CX jjDjj: &
Lemma 2.4. Let A be a unital amenable (resp. approximately amenable) algebra, X an
A-bimodule, D : A-X  a derivation. Then there are xAe  X   e (resp. a net
ðxnÞCe  X   e), and ZAX ; such that
(1) jjZjjp2CX jjDjj;
(2) D ¼ adZ þ adx (resp. D ¼ adZ þ st–lim adxn ).
Proof. As in Lemma 2.3, since e  X   eDðe  X  eÞ isometrically, we have
D1 ¼ adx for some xAe  X   e (resp. D1 ¼ st–lim adxn for some net
ðxnÞCe  X   e). &
Proposition 2.4. A is approximately amenable if and only if A# is approximately
amenable.
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Proof. ): Let D : A#-X  be a derivation. By Lemma 2.3, D ¼ D1 þ adZ where
D1 : A
#-e  X   e: But then D1ðeÞ ¼ 0 and D1jA is approximately inner, whence
so is D:
(: Let D : A-X  be a derivation, extend it to A# by setting DðeÞ ¼ 0; and
identity module action by e: The extension is approximately inner, whence
so is D: &
Proposition 2.5. Suppose that A has a bounded approximate identity. Then A is
approximately amenable if and only if every derivation into the dual of any neo-unital
bimodule is approximately inner.
Proof. Suppose that A has a bounded approximate identity ðeaÞ; D : A-X  a
derivation. Following the usual argument [18, Proposition 1.3], set X2 ¼
fa  x : aAA; xAXg: With the usual identiﬁcation, X  ¼ X 2"X>2 a sum of closed
submodules, the projection I  E onto X>2 being determined by a weak-limit point
E of the right multiplication operators on X  by the elements ea: Then ED and
ðI  EÞD are derivations, the latter being inner since A has trivial right action on
X>2 : Then set X1 ¼ fx  b : xAX2; bAAg and proceed as before to ﬁnd that D is the
sum of two inner derivations, plus a derivation mapping into the dual of the neo-
unital module X1 ¼ fa  x  b : a; bAA; xAXg: &
Theorem 2.1. A is approximately amenable if and only if either of the following
equivalent conditions hold:
(a) there is a net ðMnÞCðA#c#A#Þ such that for each aAA#; a  Mn  Mn  a-0
and pðMnÞ-e;
(b) there is a net ðM 0nÞCðA#c#A#Þ such that for each aAA#; a  M 0n  M 0n  a-0
and pðM 0nÞ ¼ e for every n:
Proof. Suppose that A is approximately amenable, so by Proposition 2.4 A# is
approximately amenable. Let u ¼ e#e: We follow the standard argument in [2,
Theorem 43.9]. Supposing that A is approximately amenable, there is a net
ðenÞCker p such that for any aAA; aduðaÞ ¼ lim adenðaÞ: Set M 0n ¼ u  en: Then for
aAA; a  M 0n  M 0n  a ¼ a  u  u  a  ða  en  en  aÞ-0; and pðM 0nÞ ¼ pðuÞ ¼
e: Thus we have shown (b).
Now suppose that (a) holds. Let D : A#-X  a derivation, where by Proposi-
tion 2.5 we may take X to be neo-unital. Once again, we run the standard argument.
So to each n set fnðxÞ ¼ MnðmxÞ; where for a; bAA#; xAX ; mxða#bÞ ¼ ðaDbÞðxÞ:
Then, with ðmanÞCA#c#A# converging weak to Mn; and noting that for
mAA##A#;
mxaaxðmÞ ¼ ðmx  a  a  mxÞðmÞ þ ðpðmÞDaÞðxÞ;
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we have
ða  fn  fn  aÞðxÞ ¼ fnðx  a  a  xÞ
¼MnðmaxxaÞ
¼ lim
a
manðmaxxaÞ
¼Mnðmx  a  a  mxÞ þ lima ðpðm
a
nÞDaÞðxÞ
¼ ða  Mn  Mn  aÞðmxÞ þ ðpðMnÞDaÞðxÞ:
Thus
jjða  fn  fn  aÞðxÞ  ðDaÞðxÞjj
pjjða  Mn  Mn  aÞjj  jjDjj  jjxjj þ jjxjj  jjpðMnÞ  ejj  jjDajj;
whence D ¼ st–lim adfn :
It follows that A# is approximately amenable, whence so is A by Proposition 2.4.
Since (b) clearly implies (a) the equivalences follow. &
Reformulating this to avoid the use of an adjoined identity we have the following.
Corollary 2.2. A is approximately amenable if and only if there are nets
ðM 00n ÞCðAc#AÞ; ðFnÞ; ðGnÞCA; such that for each aAA;
(i) a  M 00n  M 00n  a þ Fn#a  a#Gn-0;
(ii) a  Fn-a; Gn  a-a; and
(iii) pðM 00n Þ  a  Fn  a  Gn  a-0:
Proof. Take the net ðMnÞ given in Theorem 2.1(a), and write
Mn ¼ M 00n  Fn#e  e#Gn þ cne#e; ð1Þ
where ðM 00n ÞCðAc#AÞ; ðFnÞ; ðGnÞCA; and ðcnÞCC: Applying p;
pðM 00n Þ  Fn  Gn þ cne-e;
whence cn-1; and we then have (iii). Further, for aAA;
a  M 00n  a  Fn#e  a#Gn þ a#e  M 00n  a þ Fn#a þ e#Gn  a  e#a-0;
whence (i),
a  M 00n  M 00n  a þ Fn#a  a#Gn-0;
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and (ii),
a  Fn-a ; Gn  a-a:
Conversely, given M 00n ; Fn and Gn; set cn ¼ 1 and deﬁne Mn by (1). &
For approximate contractibility we have the following parallel result.
Proposition 2.6. A is approximately contractible if and only if any of the following
equivalent conditions hold:
(a) there is a net ðMnÞCA#c#A# such that for each aAA#; a  Mn  Mn  a-0 and
pðMnÞ-e;
(b) there is a net ðM 0nÞCA#c#A# such that for each aAA#; a  M 0n  M 0n  a-0 and
pðM 0nÞ ¼ e;
(c) there are nets ðM 00n ÞCAc#A; ðFnÞ; ðGnÞCA; such that for each aAA;
(i) a  M 00n  M 00n  a þ Fn#a  a#Gn-0;
(ii) a  Fn-a; Gn  a-a; and
(iii) pðM 00n Þ  a  Fn  a  Gn  a-0:
Remark. As noted earlier, amenable algebras are approximately contractible [15].
To see this directly from the above, let ðMnÞ be an approximate diagonal for A; so
that fn ¼ pðMnÞ gives a bounded approximate identity. Then M 00n ¼ Mn þ fn#fn and
Fn ¼ Gn ¼ fn satisfy (i)–(iii) of Proposition 2.6:
(i) a  M 00n  M 00n  aþ fn#a  a#fn
¼ a  Mn  Mn  a þ ðafn  aÞ#fn þ fn#ða  afnÞ
- 0;
(ii) a  fn-a; fn  a-a is clear;
(iii) pðM 00n Þ  a ¼ fn  a þ f 2n  a; whence result from (ii).
Note the boundedness of ðfnÞ is crucially used in (i) and (iii).
Note also that in Theorem 2.1 we have not shown the existence of such a net
ðNnÞ in ðAc#AÞ: If such was the case, a ¼ a  pðNnÞ for all aAA (rather than
pðNnÞ ¼ e) implies this holds for all aAA by continuity of the ﬁrst Arens product,
so that A has a right identity. Hence A necessarily has a bounded right
approximate identity, which need not be the case for an approximately amenable
algebra, see Example 6.4 below. These results do show, however, that ðA#c#A#Þ is
a universal bimodule for testing for approximate amenability.
Corollary 2.3. Suppose A is approximately amenable, and J is a closed two-sided ideal
with a bounded approximate identity. Then J is approximately amenable.
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Proof. Since J has a bounded approximate identity, J has a right identity E; which
acts as an identity on J itself. Let ðMnÞ; ðFnÞ; ðGnÞ be the nets given by Corollary 2.2
for A: Deﬁne M 0n ¼ E  Mn  EAðJc#JÞ; F 0n ¼ E  FnAJ; G0n ¼ Gn  EAJ: Then
for jAJ;
(i) j  M 0n  M 0n  j þ F 0n#j  j#G0n
¼ j  E  Mn  E  E  Mn  E  j þ E  Fn#j  j#Gn  E
¼ E  ðj  Mn  Mn  j þ Fn#j  j#GnÞ  E
-0;
(ii) j  E  Fn ¼ j  Fn-j; Gn  E  j ¼ Gn  j-j is clear;
(iii) pðM 0nÞ j  E  Fn  j  Gn  E  j
¼E  pðMnÞ  j  E  Fn  j  Gn  j
¼E  ðpðMnÞ  j  Fn  j  Gn  jÞ þ ðE  1Þ  Gn  j
- 0: &
An alternative proof would be to follow the standard argument [24]. Let
D : J-X  be a derivation, X a neo-unital J bimodule. Then X is a unital DðJÞ
bimodule, and D extends to D : DðJÞ-X : Composing with the embedding
A-DðJÞ : a/ðLa; RaÞ we have a derivation on A: Hence there exists xnAX  such
that DðaÞ ¼ limnðxn  a  a  xnÞ; aAA; a fortiori for aAJ:
Proposition 2.7. Suppose that A and B are approximately amenable and each has a
bounded approximate identity. Then A"B is approximately amenable.
Proof. Suppose ﬁrstly that A and B are approximately amenable and unital. We take
the cN norm on the direct sum. Let eA; eB be the identities in A; B respectively. For
an A"B-bimodule X ; we have the bimodule decomposition
X  ¼ eA  X   eA þ eB  X   eB
þ eA  X   eB þ eB  X   eA
þ ð1 eAÞð1 eBÞ  X   eA þ ð1 eAÞð1 eBÞ  X   eB
þ eA  X   ð1 eAÞð1 eBÞ þ eB  X   ð1 eAÞð1 eBÞ
þ ð1 eAÞð1 eBÞ  X   ð1 eAÞð1 eBÞ:
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Let D : A"B-X  be a derivation, giving rise to derivations into the nine summands
above. The last ﬁve summands have zero action on (at least) one side, so the
corresponding derivations are inner. The derivation A"0-eA  X   eA is approxi-
mately inner by hypothesis, and the action of 0"B is trivial, so the derivation into
eA  X   eA is approximately inner. Similarly for eB  X   eB: Finally, consider
D : A"B-eA  X   eB: Restricted to A"0; this is inner as left action is trivial, so
there is xAeA  X   eB with
Dða"0Þ ¼ a  x  eB ¼ ða"bÞeA  x  eB ðaAA; bABÞ:
Similarly, there is ZAeA  X   eB with
Dð0"bÞ ¼ eA  Z  b ¼ eA  Z  eBða"bÞ ðaAA; bABÞ;
whence
Dða"bÞ ¼ ða"bÞeA  x  eB  eA  Z  eBða"bÞ ðaAA; bABÞ:
But eA"eB is a central idempotent having identity action on eA  X   eB; so that
DðeA"eBÞ ¼ 0 ¼ eA  x  eB  eA  Z  eB:
It follows that D ¼ ady where y ¼ eA  x  eB ¼ eA  Z  eB:
The same argument holds for the ﬁnal summand eB  X   eA:
In the general case, A#; B# are approximately amenable, whence so is A#"B#:
But A"B is a closed ideal in this latter, and has a bounded approximate identity, so
Corollary 2.3 applies. &
Theorem 2.2. Suppose A is approximately amenable, and let
S: 0-X  !f Y !g Z-0
be an admissible short exact sequence of left A-modules. Then S approximately splits.
That is, there is a net Gn :Z-Y of right inverse maps to g such that limnða  Gn 
Gn  aÞ ¼ 0 for aAA; and a net Fn : Y-X  of left inverse maps to f such that
limnða  Fn  Fn  aÞ ¼ 0 for aAA:
Proof. Following the proof of [6, Theorem 2.3]: for a right inverse G˜ for g;
approximate amenability gives a net ðQnÞCBðZ; X Þ such that
a  G˜  G˜  a ¼ lim
n
ða  fQn  fQn  aÞ ðaAAÞ:
Setting Gn ¼ G˜  fQn gives the required net. Applying the same argument as
[6, Proposition 1.1] gives ðFnÞ: &
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Corollary 2.4. Suppose that A is approximately amenable and let J be a weakly
complemented left ideal of A. Then J has a right approximate identity. In particular,
J2 ¼ J:
Proof. By Proposition 2.4 we may suppose that A is unital. Consider the sequence of
left A-modules
S: 0-J !i A-A=J-0;
and its second dual:
S: 0-J !i

A-ðJ>Þ-0:
This latter is admissible since J is weakly complemented, and so by Theorem 2.2
there is a net of maps ðJnÞ; each a left inverse to i such that a  Jn  Jn  a-0 for
each aAA:
Now A has a right identity E; so for aAJ;
ðJn  aÞðEÞ ¼ Jnðiba:EÞ ¼ JnðibaÞ ¼ ba:
Thus
ða  JnÞðEÞ ¼ ða  Jn  Jn  aÞðEÞ þ ba-ba;
and so a  JnðEÞ-ba; aAJ: The argument of Lemma 2.2 gives the result. &
Theorem 2.3. Suppose that A is approximately amenable. Then A is approximately
amenable.
Proof. To simplify notation, set B ¼ A#: By [13, Lemma 1.7], there is a continuous
linear map C :C :Bc#B-ðBc#BÞ such that for a; b; cAB and mABc#B;
Cða#bÞ ¼ a#b; CðmÞ  c ¼ Cðm  cÞ;
c CðmÞ ¼ Cðc  mÞ; ðpBÞðCðmÞÞ ¼ pB ðmÞ:
Since B ¼ ðAÞ#; the hypothesis gives a net ðNnÞCðBc#BÞ such that for all
mAA;
m  Nn  Nn  m-0;
m  pB ðNnÞ ¼ m:
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In particular, for aAA;
a  Nn  Nn  a-0; ð2Þ
a  pB ðNnÞ ¼ a: ð3Þ
Let y : ðBc#BÞ-ðBc#BÞ be the canonical embedding. Since y and y are A-
bimodule morphisms we have from (2) that for each aAA;
a  yCðNnÞ  yCðNnÞ  a-0:
Fix n; and take a net ðNmÞCBc#B with cNm-Nn weak: Then
a  ðpBÞðyCðNnÞÞ ¼ a  weak  lim
m
ðpBÞðyCðcNmÞÞ
¼ a  weak  lim
m
ðpBÞðyðCðNmÞÞ4Þ
¼ a  weak  lim
m
ðpBÞðCðNmÞÞ
¼ a  weak  lim
m
ðpB ðNmÞÞ
¼ a  weak  lim
m
ðpB ðcNmÞÞ
¼ a  ðpB ðcNnÞÞ
¼ a: &
3. Algebras over locally compact groups
Theorem 3.1. MðGÞ is approximately amenable if and only if G is discrete and
amenable.
Proof. Assuming G is non-discrete, Dales et al. [8] shows that the complemented
ideal McðGÞ of continuous measures satisﬁes McðGÞ2aMcðGÞ: This is impossible by
Corollary 2.4. &
Theorem 3.2. L1ðGÞ is approximately amenable if and only if G is amenable.
Proof. ( is obvious from the classical result of Johnson that L1ðGÞ is amenable
whenever G is amenable.
For the converse, we use a variant of the Ringrose argument as in [24]. Take
X ¼ UCðGÞ the space of uniformly continuous bounded functions on G with action
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by MðGÞ given by:
/m  f ;fS ¼ /f ;f  mS f  m ¼ mðGÞf ;
where mAMðGÞ; fAX ;fAL1ðGÞ:
The space C1 is a submodule for these actions, so Y ¼ X=C1 becomes an MðGÞ-
module, with Y DfmAX : mð1Þ ¼ 0g: Take n ¼ de and D : m/m  n mðGÞn the
corresponding derivation into Y : Restricting D to L1ðGÞ; the hypothesis that L1ðGÞ
is approximately amenable gives a net ðmiÞ in Y  such that for fAL1ðGÞ;
f  n n
Z
G
f ¼ lim
i
f  mi  mi
Z
G
f
 
:
Taking fAL1ðGÞ;fX0; jjfjj ¼ 1; we thus have
DðdgÞ ¼ DðdgÞ  f ¼Dðdg  fÞ  dg  DðfÞ
¼ lim
i
ðdg  fÞ  mi  mi  dg  ðf  mi  mi
 
¼ lim
i
ðdg  mi  miÞ:
Equivalently,
lim
i
dg  ðn miÞ  ðn miÞ ¼ 0 ðgAGÞ:
Now since /n mi; 1S ¼ 1; jjn mijj-= 0; so take a subnet (also denoted by ðmiÞÞ
such that jjn mijj stays away from 0: Setting
ni ¼ n mijjn mijj;
we have jjnijj ¼ 1 and dg  ni  ni-0 in norm for each gAG:
The space UCðGÞ is a commutative C-algebra with identity, whence X  ¼ MðTÞ
for some compact space T with a natural G-action, so we will consider elements of
Y  as lying in MðTÞ: Observe that for mAMðTÞ; gAG; jdg  mj ¼ dg  jmj: Then
jdg  jnij  jnijj ¼ jjdg  nij  jnijjpjdg  ni  nij-0;
so that dg  jnij  jnij-0 in norm for each gAG: Let n be a weak-cluster point of
ðjnijÞ: Then dg  n ¼ n for gAG and
nð1Þ ¼ lim
i
jnijð1Þ ¼ jnijðGÞ ¼ jjnijj ¼ 1:
Thus n is a left invariant mean on UCðGÞ; and so G is amenable. &
In [13, Theorem 1.3], it is shown L1ðGÞ is amenable if and only if G is ﬁnite. The
following shows this remains true for approximately amenable, and also gives a new
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proof for the amenable case that does not use the characterization of the topological
centre.
Theorem 3.3. L1ðGÞ is approximately amenable if and only if G is finite.
Proof. Let E be a right identity for L1ðGÞ: Then the map m/Em is an
epimorphism of L1ðGÞ onto
EL1ðGÞDLUCðGÞ ¼ MðGÞ"C0ðGÞ>
[10,12], where C0ðGÞ> is a closed two-sided ideal. Thus MðGÞ is approximately
amenable by Corollary 2.1 and G is discrete by Theorem 3.1.
Let M be the set of left invariant means on LNðGÞ ¼ cNðGÞ: Thus for pAM;
mALNðGÞ;
mp ¼ /m; 1Sp: ð4Þ
In particular p is idempotent.
Consider the right ideal J ¼ pL1ðGÞ: It follows from (4) that J is also a left ideal.
We thus have the decomposition
L1ðGÞ ¼ pL1ðGÞ"ð1 pÞL1ðGÞ;
so that J is a complemented two-sided ideal. Thus by Corollary 2.4, J contains a
right approximate identity ðmnÞ: In particular, mn ¼ pmn-p; so that p is a right
identity. But then for any qAM; q ¼ qp and qp ¼ p by (4), whence p ¼ q: ThusM is
a singleton. However, it is well known that for G discrete, jMj ¼ 1 if and only if G is
ﬁnite, [22,5,24]. &
Corollary 3.1. LUCðGÞ is approximately amenable if and only if G is finite.
Corollary 3.2. L1ðGÞ is essentially amenable if and only if G is finite.
Proof. Assuming L1ðGÞ essentially amenable, the ﬁrst part of the argument
of Theorem 3.3, together with Corollary 2.1, shows that MðGÞ is essentially
amenable, whence amenable since it is unital. Thus G is discrete and amenable
by Theorem 3.2. Again, L1ðGÞ is thus unital, so amenable, and Theorem 3.3
applies. &
4. Uniform notions
The following argument was pointed out to us by Barry Johnson.
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Theorem 4.1. Suppose that A is uniformly approximately contractible. Then A is
contractible.
Proof. By the argument of Proposition 2.4 we may suppose that A is unital. (In fact
A necessarily has an identity. For as in Lemma 2.2 there is a sequence ðenÞ in A with
aen-a uniformly for jjajjp1: Let Rb denote right multiplication by bAA: Then there
is fAfeng with jjRf  Idjjo1: Thus Rf is invertible. By surjectivity, there is xAA
such that xf ¼ f ; whence ðax  aÞf ¼ 0 for aAA; whence x is a right identity by
injectivity. The same is true for Aop; so that A has an identity e: An alternative
argument is given in [23].)
Now consider the derivation D :A-ker p : a/a#e  e#a: By hypothesis there
is a sequence ðtnÞ in ker p with a  tn  tn  a-a#e  e#a uniformly for jjajjp1: Set
tn ¼
P
i x
n
i#y
n
i : Taking s ¼
P
j aj#bjA ker p;
jjstn  sjj ¼
X
i;j
ajx
n
i#y
n
i bj 
X
j
aj#bj
























¼
X
i;j
ajx
n
i#y
n
i bj 
X
i;j
xni#y
n
i ajbj 
X
j
aj#bj þ e#
X
j
ajbj
























¼
X
j
X
i
ajx
n
i#y
n
i 
X
i
xni#y
n
i aj  aj#e þ e#aj
 !
bj
























p
X
j
X
i
ajx
n
i#y
n
i 
X
i
xni#y
n
i aj  aj#e þ e#aj























  jjbjjj
p
X
j
sup
jjajjp1
X
i
axni#y
n
i 
X
i
xni#y
n
i a  a#e þ e#a























  jjajjj  jjbj jj:
It follows that
jjstn  sjjp sup
jjajjp1
jja  tn  tn  a  a#e þ e#ajj:
Thus stn-s uniformly on the unit ball of ker p: But then the same argument as used
earlier shows that ker p has a right identity t: Thus setting d ¼ e#e  t; pðdÞ ¼
e  pðtÞ ¼ e and
0 ¼ ða#e  e#aÞ  d ¼ a  d  d  a ðaAAÞ:
Thus d is a diagonal for A: &
Remark. As shown in [23], we in fact have en-e; tn-t:
ARTICLE IN PRESS
F. Ghahramani, R.J. Loy / Journal of Functional Analysis 208 (2004) 229–260 245
Theorem 4.2. Suppose that A is uniformly approximately amenable. Then A has a
bounded approximate identity. Indeed, if J is a weakly complemented left (right) ideal,
then J has a right (left) bounded approximate identity.
Proof. The argument of Lemma 2.2 gives a sequence ðEnÞ in A such that a  En-ba
uniformly for jjajjp1: Then for GAA; jjGjjp1; take a net ðxnÞ in A with
jjxjjnp1; xn-G weak: Then xn  En-GEn weak; so that given e40; for
any fAA;
j/f; GEn  GSj ¼ lim
n
j/f; xn  En  bxnSjoejjfjj;
provided n is sufﬁciently large. Thus GEn-G uniformly on fGAA :jjGjjp1g:
Now the argument at the start of Theorem 4.1 shows that A has a right identity.
It is now standard that A has a bounded right approximate identity. The same
argument with Aop shows A has a bounded left approximate identity, and hence a
bounded approximate identity.
For a weakly complemented left ideal J; the argument of Corollary 2.4 shows
there is a sequence Jn in J
 with a  Jn-ba uniformly on the unit ball in J; and we are
in the same situation as above. &
Corollary 4.1. Suppose A is uniformly approximately amenable, and J is a weakly
complemented ideal of A. Then J is uniformly approximately amenable.
Proof. By Theorem 4.2, J has a bounded approximate identity. Now use the
argument of Corollary 2.3. &
Given a family ðAlÞlAL of Banach algebras deﬁne their cN direct sum as
cNðAlÞ ¼ ðxlÞ : xlAAL; jjðxlÞjj ¼ sup
l
jjxljjoN
 
:
Further, set
c0ðAlÞ ¼ fðxlÞ : cNðAlÞ; jjxljj-0g:
Corollary 4.2. Suppose A and B are uniformly approximately amenable. Then A"B is
uniformly approximately amenable.
Proof. A"B is a complemented ideal in the uniformly approximately amenable
algebra A#"B#: &
Corollary 4.3. For any family ðAlÞlAL of uniformly approximately amenable unital
algebras, c0ðAlÞ is approximately amenable.
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Proof. For any OCL; write PO for the projection of c0ðAlÞlAL onto AO ¼
c0ðAlÞlAO: By Corollary 4.2, for any ﬁnite SCL; AS is uniformly approximately
amenable. It is also unital, denote the identity by eS: Now given a ﬁnite family
ff1;y; frgCc0ðAlÞ; and 24e40; there is a ﬁnite set SCL such that
sup
leS
jjfiðlÞjjoe=2; for i ¼ 1;y; r:
Since AS is uniformly approximately amenable, there is MSAðASc#ASÞ; and
FS; GSAAS such that the quantities of (i)–(iii) of Corollary 2.2 are all less than e=2
for any element of the unit ball in AS: In particular, jjeSFS  eSjjoe=2 so that
jjFSjjo2: Similarly jjGSjjo2:
Note that for any two Banach algebras A; B;
ððA"BÞc#ðA"BÞÞ ¼ ðAc#AÞ"ðAc#BÞ"ðBc#AÞ"ðBc#BÞ:
So taking A ¼AS and B ¼AL\S; ðASc#ASÞ is an ideal direct summand of
ðc0ðAlÞc#c0ðAlÞÞ: Thus identifying MS with an element M of ðc0ðAlÞc#c0ðAlÞÞ
in the natural manner we have the quantities of (i)–(iii) of Corollary 2.2 are all less
than 3e for fAff1;y; frg: (The bound of 2 on jjFSjj and jjGSjj is crucial for estimates
like jjFS#ðf  PSf Þjjoe:) &
5. Some bounds
Given an amenable Banach algebra A set the amenability constant M ¼ MðAÞ of
A to be the inﬁmum of the norms of virtual diagonals of A: We will say A is K-
amenable if its amenability constant is at most K : Further, for an A-bimodule X ;
deﬁne its centre as the closed subspace
Z ¼ ZX ¼ fx : x  x ¼ x  x ðxAAÞg;
and set
MX  ¼ inffK : for every derivation D : A-X ; there is ZAX 
with D ¼ adZ and jjZjjpK jjDjjg
¼ inffK : for all xAX ; there is ZAX 
with adx ¼ adZ and jjZjjpK jjadxjjg
¼ inf fK :dðx; ZX  ÞpK jjadxjj; xAX g:
The open mapping theorem guarantees that MX  is ﬁnite, and necessarily
MX Xð2CX  Þ1:
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We remark that in the reverse direction, for A a C-algebra, the existence of K
such that dðx; ZAÞpK jjadxjj for all xAA; is known to be equivalent to BðA; AÞ being
closed in ZðA; AÞ [21].
Deﬁne the implementation constant M 0 of an amenable A as
M 0 ¼ M 0ðAÞ ¼ sup fMX  : X a Banach A-bimodule; CX ¼ 1g:
The usual argument taking c0-sums of bimodules shows that this number is ﬁnite.
Note the normalization of CX required here. Many bimodules, in particular unital
ones, can be renormed to satisfy this condition.
The amenability and implementation constants are not equal, but are closely
related: M 0pMpK2ð1þ 2M 0Þ where K is the norm of a bounded approximate
identity for A: This is clear from [19], see also [20].
For A weakly amenable, deﬁne the weak amenability constant Mw of A by
Mw ¼ MA :
Our constructions in Section 6 will require algebras with associated constants
which are arbitrarily large, and we note this cannot be achieved with C-algebras
whose amenability constants are all equal to 1 [16, Theorem 3.1] or [26] for a simpler
argument yielding bound 2. (We note that the argument that shows the Choi algebra
[4] is non-amenable, also shows it is not approximately amenable.)
For an example of a sequence ðAnÞ of amenable algebras with unbounded
amenability constants, let An ¼ Cn; each with the corresponding c1 norm. Then An
has an identity ð1; 1;y; 1Þ of norm n; (unique) diagonal n1Pi;j di#dj also of norm
n: Another example would be ðAðGnÞÞ where
Gn ¼
Yn
k¼1
Hk
with Hk non-abelian ﬁnite groups, here MðAðGnÞÞXð3=2Þn [20]. An algebra
involving large implementation constants is constructed in Example 6.2 below.
Lemma 5.1. Let M 0 be the implementation constant for an amenable algebra A, M#
the constant for A#: Then M 0pM#p2þ 3M 0:
Proof. Let X be an A-bimodule with CX ¼ 1: If D : A-X  is a derivation, it extends
to D# :A#-X  by setting D#ðeÞ ¼ 0 and e  x ¼ x  e ¼ x for xAX : Then for any
N4M#; D# is implemented by x with
jjxjjpNjjD#jj ¼ NjjDjj:
It is immediate that MpM#:
Conversely let D# :A#-X  be a derivation. By Lemma 2.4, D# ¼ D1 þ D2 þ D3
where D2 þ D3 is inner, implemented by Z with jjZjjp2jjD#jj: Then D1 : A#-e 
X   e satisﬁes D1ðeÞ ¼ 0; and so for any N4M is implemented by z with
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jjzjjpNjjD1jjp3NjjD#jj: Thus D is implemented by Zþ z with
jjZþ zjjpð2þ 3NÞjjDjj;
whence M#p2þ 3M: &
6. Examples
Example 6.1. An approximately amenable non-amenable Banach algebra.
Let ðAnÞ be a sequence of amenable Banach algebras such that MðAnÞ-N: Then
B ¼ c0ðA#n Þ cannot be amenable, since restricting to the nth coordinate of an
approximate diagonal of bound K yields an approximate diagonal for An with
bound at most K : Deﬁne
Bk ¼ fðxnÞAc0ðA#n Þ : xn ¼ 0 for n4kg;
set En ¼ ðe1; e2;y; en; 0; 0;yÞ and let Pn : c0ðA#n Þ-Bn be the natural projection of
multiplication by En: Then PnðEnÞ is the identity of Bn; and ðEnÞ is a central
approximate identity for B bounded by 1.
Now, suppose that D : B-X  is a derivation for some B-bimodule X : Restricting
D to some Bn; we have a derivation Dn :Bn-X
: Since Bn is unital, we may apply
Lemma 2.4 to write Dn ¼ adxn þ adZn where xnAEn  X   En and jjZnjjp2CX jjDjj:
Note that for each aAB;
jjadZnðEna  aÞjj-0 ð5Þ
because ðEnÞ is an approximate identity and ðZnÞ is bounded.
Then for aAB; xAX ;
/aEn  xn; xS ¼ /a  xn; xS and /xn  Ena; xS ¼ /xn  a; xS ð6Þ
so, since ðEnÞ is central,
DðaÞ ¼ lim
n
DðEnaÞ
¼ lim
n
ððaEnÞ  xn  xn  ðEnaÞ þ dZnðEnaÞÞ
¼ lim
n
ða  xn  xn  a þ dZnðaÞÞ
¼ lim
n
adðxnþZnÞðaÞ;
by (6) and (5).
So D is approximately inner, and hence B is approximately amenable. &
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Remark 1. Such B; since they have bounded approximate identities and are not
amenable, cannot be essentially amenable.
2. If the An are taken to be ﬁnite dimensional, whence contractible, the same
argument shows B is approximately contractible.
3. If the An are in fact unital, there is no need to use the unitization, so c0ðAnÞ is
approximately amenable.
4. Note that with each of the choices of the commutative An with MðAnÞ-N
noted in Section 5, c0ðAnÞ will be weakly amenable, since the idempotents will have
dense span.
5. The obvious generalization works for c0ðA#l Þ for any index set L:
6. It follows from Corollary 2.1, Theorem 3.1 and an observation of Johnson and
White (pers. commun) that cNðc1ðTÞÞ (or even cNðc1ðZnÞÞ) has MðTÞ as an
epimorphic image, that these algebras are not approximately amenable. (Here c1ðTÞ
and c1ðZnÞ are the group algebras, with convolution product, so they are unital.)
Approximate amenability of cNðMnÞ; which is well known to be non-amenable by
the use of von Neumann algebra techniques, remains an open question.
We can generate further examples of approximately amenable, non-amenable
algebras using Proposition 2.3.
In the above setting of c0ðAnÞ; with each An amenable, each Bn is amenable, so
has a virtual diagonal, so that there exists MnAðBnc#BnÞ with b  Mn ¼ Mn  b;
pðMnÞ  b ¼ b; bABn: When all the An are ﬁnite dimensional we may consider this
Mn as an element of ðc0ðA#n Þc#c0ðA#n ÞÞ: Then for aAc0ðAnÞ; a  Mn ¼ ðPnaÞ  Mn ¼
Mn  ðPnaÞ ¼ Mn  a: Also,
pðMnÞ  a  a ¼ pðMnÞ  PnðaÞ  PnðaÞ þ ðPnðaÞ  aÞ ¼ PnðaÞ  a-0:
Thus we have explicitly satisﬁed the conditions of Theorem 2.1 for aAc0ðAnÞ; of
course, this fails for 1.
Example 6.2. An approximately amenable non-weakly amenable Banach algebra.
Consider the algebra Mn of n  n matrices, with norm
jjðaijÞjj2 ¼
X
i;j
jaijj2
 !1=2
:
The calculation
jjABjj22p
X
i;j
X
k
jaikbkj j
 !2
p
X
i;j
X
k
jaikj2
X
k
jbkj j2
¼
X
i;k
jaikj2
X
c;j
jbcjj2 ¼ jjAjj22jjBjj22
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shows this is indeed an algebra norm. The duality between Mn and M

n is, of course,
/A; ES ¼
X
i;j
aijeij:
Note that the map Mn-M

n : A/A; is isometric.
For EAMn ; A; BAMn;
/A  E; BS ¼/E; BAS ¼
X
i;j
eij
X
k
bikakj ¼
X
i;k
bik
X
j
eijakj
¼
X
i;k
bik
X
j
akje
T
ji ¼
X
i;k
bikðAETÞTik ¼ /ðAETÞT ; BS ¼ /EAT ; BS;
and similarly /E  A; BS ¼ /AT E; BS: Thus
adPðAÞ ¼ A  P  P  A ¼ PAT  AT P:
Consider the case for n ¼ 2 and set
P1 ¼
0 1
1 0
 
:
As an element of M2 it has norm
ﬃﬃﬃ
2
p
: Further,
adP1
a b
c d
  
¼ b  c a þ d
a  d c þ b
 
:
It is immediate that jjadP1 jj ¼ 2: Inductively, deﬁne
Pnþ1 ¼
0 Pn
Pn 0
 
;
so that PnAM2n ; jjPnjj ¼ 2n=2; and since the multiplier norm of Pn is 1, jjadPn jjp2 (in
fact equality holds).
Now set An ¼ M#2n ; and deﬁne a derivation D : c0ðAnÞ-c1ðAnÞ by
DððxnÞÞ ¼ ðadPnðxnÞ=n2Þ:
Then D cannot be inner since the only implementing elements for DjAn ; namely
Pn=n
2 þ l1n (presence of identity makes no change), has norm at least 2n=2=n2-N:
Thus c0ðAnÞ is not weakly amenable, yet is approximately amenable.
Example 6.3. The algebras cpðNÞ; 1ppoN are not sequentially approximately
amenable.
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Let A ¼ cpðNÞ; 1ppoN under pointwise operations. Take
X ¼ ðcpðNNÞÞ"ð1#cpðNÞÞ"ðcpðNÞ#1Þ;
with operations given by, for f ; gAcpðNÞ; FAcpðNNÞ;
ðf  FÞðm; nÞ ¼ f ðmÞFðm; nÞ; ðF  f Þðm; nÞ ¼ Fðm; nÞf ðnÞ;
ðf  ð1#gÞÞðm; nÞ ¼ f ðmÞgðnÞ; ððg#1Þ  f Þðm; nÞ ¼ gðmÞf ðnÞ;
ð1#gÞ  f ¼ 1#gf ; f  ðg#1Þ ¼ fg#1:
For 1opoN; X is reﬂexive, so is a dual A-bimodule. For p ¼ 1; X is the dual of
ðc0ðNNÞÞ"ð1#c0ðNÞÞ"ðc0ðNÞ#1Þ with ‘reversed’ operations.
Take the derivation D : A-X : f/f#1 1#f : For A to be approximately
amenable, there must be a net Zn ¼ Fn þ 1#fn þ gn#1 with D ¼ st– lim adZn ; that is,
for every fAA;
f  Fn  Fn  f  f  ð1#fnÞ þ ðgn#1Þ  f-0; ð7Þ
ffn-f ; fgn-f : ð8Þ
Suppose that A is in fact sequentially approximately amenable, so there is a sequence
with the above properties (7) and (8). For each n set
Tnðf Þ ¼ f  Fn  Fn  f  f  ð1#fnÞ þ ðgn#1Þ  f : ð9Þ
Then Tn-0 pointwise, so by uniform boundedness the sequence ðTnÞ is bounded.
Thus there is KX0 such that for all xAcpðNÞ; jjxjj ¼ 1; and all nAN;
jjx  Fn  Fn  x  x  ð1#fnÞ þ ðgn#1Þ  xjjpK ð10Þ
that is, X
iaj
Fnði; jÞðxi  xjÞ  xifnðjÞ þ gnðiÞxj


 

ppKp: ð11Þ
Now take x ¼ dk for some kAN: Then (11) yieldsX
iak
jFnði; kÞ þ gnðiÞjppKp;
that is, X
i
jFnði; kÞ þ gnðiÞjppKp  jFnðk; kÞ þ gnðkÞjp:
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Thus for each N; and all kAN;X
jijpN
jFnði; kÞ þ gnðiÞjppKp  jFnðk; kÞ þ gnðkÞjp:
Letting k-N; it follows that X
jijpN
jgnðiÞjppKp
for every N; so that ðgnÞ is bounded. But ðgnÞ is an approximate identity for A by (8),
and as such cannot be bounded because A2aA:
An almost identical proof works for A ¼ L2ðGÞ; G compact abelian under
convolution product, with X ¼ ðc2ð bG  bGÞÞ"ð1#c2ð bGÞÞ"ðc2ð bGÞ#1Þ; and mod-
ule operations given, for fAc2ð bGÞ; FAc2ð bG  bGÞ; and m; nA bG;
ðf  FÞðm; nÞ ¼ bf ðmÞFðm; nÞ; ðF  f Þðm; nÞ ¼ Fðm; nÞbf ðnÞ;
f  ð1#gÞðm; nÞ ¼ bf ðmÞgðnÞ; ðð1#gÞ  f Þðm; nÞ ¼ gðmÞbf ðnÞ;
ð1#gÞ  f ¼ 1#gbf ; f  ð1#gÞ ¼ bf g#1:
One just needs to note that all the Fn; fn; and gn sit on countable sets.
Example 6.4. An approximately amenable Banach algebra which is not uniformly
approximately amenable.
Take An ¼ Cn; each with the corresponding c1 norm. Then An has an identity
en ¼ ð1; 1;y; 1Þ of norm n; (unique) diagonal n1
P
i;j di#dj also of norm n: Clearly
each An is amenable, so c0ðA#n Þ is approximately amenable by Corollary 4.3. If ðflÞ is
an approximate identity for c0ðAnÞ; then given n there is l such that jjflen  enjjp1:
Thus jjfljjXjjflenjjXn  1: Thus ðflÞ is unbounded.
But c0ðA#n Þ is not uniformly approximately amenable. Indeed, if it were, Theorem
4.2 would show c0ðAnÞ had a bounded approximate identity.
We remarked earlier that amenable C-algebras all have amenability constant 1,
so we certainly cannot build a non-amenable C-algebra by taking a c0 sum, though
this can be done with an cN sum.
7. Essential amenability
Theorem 7.1. Let A be an (approximately) amenable Banach algebra, J a non-closed
ideal in A. Suppose that J is a Banach algebra under a norm jj  jjJ such that
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for aAA; bAJ;
jjabjjJpjjajj  jjbjjJ ; jjbajjJpjjajj  jjbjjJ :
Suppose further that J has an approximate identity which is also an approximate
identity for A. Then J is (approximately) essentially amenable.
Proof. Note ﬁrstly that J is necessarily dense in A: Let ðenÞ be the approximate
identity, and take X to be a neo-unital J bimodule. Then X becomes an A-bimodule
as follows. Take xAX ; aAA: Neo-unitality gives that x ¼ b  y for some bAJ; yAX :
Then
ðabÞ  y ¼ lim
n
ðenabÞ  y ¼ lim
n
ðenaÞ  ðb  yÞ ¼ lim
n
ðenaÞ  x;
so deﬁne
a  x ¼ ðabÞ  y
since this latter is independent of the factorization of x:
To show continuity of this left action, suppose an-0 in A; xn-0 in X ; and
an  xn-x in X : For each n; jjenanjjJpjjenjjJ  jjanjj-0; so that enan-0 in J; and so
en  x ¼ lim
n
en  ðan  xnÞ ¼ lim
n
ðenanÞ  xn ¼ 0:
But then x ¼ b  y ¼ limðenbÞ  y ¼ lim en  x ¼ 0:
Similar arguments work on the right side.
Now let D : A-X  be a continuous derivation. Take xAX ; aAA; and write
x ¼ b  y as before. Then
/DðabÞ  a  DðbÞ; yS ¼ lim
n
/DðenabÞ  a  DðbÞ; yS
¼ lim
n
/DðenaÞ  b þ ðenaÞ  DðbÞ  a  DðbÞ; yS
¼ lim
n
/DðenaÞ  b; yS
¼ lim
n
/DðenaÞ; b  yS
¼ lim
n
/DðenaÞ; xS:
Thus deﬁne D : A-X  by
/DðaÞ; xS ¼ /DðabÞ  a  DðbÞ; yS;
where x ¼ b  yAX :
Now for the given aAA; take a subsequence ðennÞ such that enn a-a in A: Then
/DðaÞ; xS ¼ lim
n
/Dðenn aÞ; xS:
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It follows from the principle of uniform boundedness that DðaÞ is a continuous
functional. Finally suppose that an-0 in A; and DðanÞ-f in X : Then for x ¼ b  y
as above, anb-0 in J; and so
/DðanÞ; xS ¼ /DðanbÞ  an  DðbÞ; yS-0:
Thus DðanÞ-f in norm, and DðanÞ-0 weak; so that f ¼ 0: Thus D is continuous
by the closed graph theorem.
Thus we have extended D : J-X  to a continuous linear map D : A-X : Since J
is dense in A it follows that D must also be a derivation. But then by (approximate)
amenability of A; D is (approximately) inner, whence so is D: &
Corollary 7.1. The following are essentially amenable:
(1) L2ðGÞ; for any compact group G;
(2) any symmetric Segal algebra on G, for any amenable locally compact group G;
(3) the Schatten p-classes Sp; 1ppoN:
(4) cpðSÞ for any set S, 1ppoN:
Proof. Statements (1) and (2) follow from amenability of L1ðGÞ and standard
properties of Segal algebras [25, Section 6.2] (3) from using the bounded
approximate identity En ¼
Pn
k¼1 ek#ek inKðc2Þ; (4) by the bounded approximate
identity f1F : F ﬁniteg in c0ðSÞ: &
In a similar way, referring to Example 6.4, the algebras cpðA#n Þ will be
approximately essentially amenable.
Note that these algebras will all be non-amenable (except in the ﬁnite-dimensional
cases). Further L2ðGÞ is weakly amenable if and only if G is abelian [11]. So, in
particular, we have examples of essentially amenable, non-weakly amenable
algebras.
8. Another approach
We have considered A ¼ cpðNÞ; 1ppoN; in Example 6.3, and seen it is
essentially amenable, Corollary 7.1. Here we explore a second approach for these
algebras; this time for bimodules which are not neo-unital. For these algebras,
deﬁne, for FCN; F ﬁnite,
EF ðmÞ ¼
1 for mAF ;
0 otherwise:

Then fEF : FDN; F finiteg is a bounded approximate identity for c0ðNÞ; and an
unbounded approximate identity for cpðNÞ:
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Example 8.1. Derivations cpðNÞ-cNðNNÞ are inner.
Consider the module X ¼ cNðNNÞ with actions
ðf  xÞnm ¼ fnxnm; ðx  f Þnm ¼ fmxnm: ð12Þ
Note that AX is not even dense in X : X is the dual of c1ðNNÞ with the ‘opposite’
actions.
For a derivation D : A-X ; take its restriction to EF A for some ﬁnite FCN: EF A
is contractible, so that the restricted D is inner, say implemented by xF : If Z also
implements, then for xAA;
EF x  ðxF  ZÞ ¼ ðxF  ZÞ  EF x:
In particular, for all nAF ; and setting en ¼ Efng;
en  ðxF  ZÞ ¼ ðxF  ZÞ  en;
so taking man;
en  ðxF  ZÞ  em ¼ ðxF  ZÞ  emen ¼ 0;
that is, xF ðn; mÞ ¼ Zðn; mÞ for nam both in F : It follows that we may deﬁne x on
NN by
xðn; mÞ ¼ limF xF ðn; mÞ for nam;
0 otherwise:

Note also that for nam;
jxðn; mÞj ¼ jjen  DðenÞ  emjjpjjDjj;
so that xAcNðNNÞ: Then
Dðf Þ ¼ f  x x  f
for all fAspanfeng; whence for all fAA by continuity. Thus D is inner. &
Example 8.2. Derivations cpðNÞ-cpðNNÞ are approximately inner but need not
be inner.
Take X ¼ cpðNNÞ and actions as in (12).
Note that X is again not neo-unital, since columns in AX are p=2-summable by
Ho¨lder. However, AX (and XA) are clearly dense in X :
Take yAA; ya0; and set
xnm ¼ ymn;
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so that the rows and columns of x are in c2ðZÞ; but xeX : SinceX
n;m
jfnynmj2 ¼
X
n
jfnj2
X
m
jynmj2 ¼ jjf jj2jjyjj2;
and similarly on the other side, adx deﬁnes a derivation A-X ; necessarily non-inner.
Since cpCcN contractively, we may consider a derivation D : A-cpðNNÞ as
mapping into cNðNNÞ: Thus as above, there is xAcNðNNÞ with
Dðf Þ ¼ f  x x  f :
But then working in cpðNNÞ;
Dðf Þ ¼ lim
F
EF  Dðf Þ  EF
¼ lim
F
ðEF  f  x  EF  EF  x  fEF Þ
¼ lim
F
ðf  ðEF  x  EF Þ  ðEF  x  EF Þ  f Þ
and D is approximately inner.
Rather than enlarging the bimodule, there is another approach which involves
extending the bimodule action and derivation to a larger, amenable algebra. Note
that (12) also deﬁnes an action of c0ðNÞ on cpðNNÞ; and that this action is also
continuous.
Deﬁne DF : c0ðNÞ-cpðNNÞ by
DF ðxÞ ¼ DðEF xÞ  DðEF Þ  x ðxAc0ðNÞÞ: ð13Þ
Certainly DF is continuous, and for x; yAc0ðNÞ;
DF ðxyÞ ¼DðEF xyÞ  DðEF Þ  xy
¼DðEF xÞ  y  DðEF Þ  xy þ xEF  DðyÞ
¼DF ðxÞ  y þ x  ðDðEF yÞ  DðEF Þ  yÞ
¼DF ðxÞ  y þ x  DF ðyÞ:
Thus DF is a derivation of c0ðNÞ into the dual module cpðNNÞ: But c0ðNÞ is
amenable, so there exists xFAc
pðNNÞ such that DF ¼ adxF : So we have
DðEF xÞ  DðEF Þ  x ¼ x  xF  xF  x ðxAc0ðNÞÞ: ð14Þ
Now given ZAcpðNNÞ;
jjZ EF  Zjjp ¼
X
fðn;mÞ:neFg
jZpnmj-0:
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In particular, limF EF  DðxÞ ¼ DðxÞ: Thus
DðEF xÞ  EF  DðxÞ-0;
so that by (14)
DðxÞ ¼ limF ðDðEF xÞ  DðEF Þ  xÞ ¼ limF ðx  xF  xF  xÞ
and D is the strong limit of inner derivations. &
Example 8.3. Derivations c2ðNÞ-c2ðNÞc#c2ðNÞÞ are approximately inner.
Take A ¼ c2ðNÞ; and bimodule Kðc2ðNÞÞ with action:
ðx  TÞðyÞ ¼ xðTyÞ; ðT  xÞðyÞ ¼ TðxyÞ ðTAK; xAA; yAc2ðNÞÞ: ð15Þ
Then X  ¼ c2ðNÞc#c2ðNÞ with the induced left and right actions.
xða#bÞ ¼ xa#b; ða#bÞx ¼ a#bx: ð16Þ
Note that X  is not neo-unital. Observe that (15) also deﬁnes a continuous action of
c0ðNÞ on Kðc2ðNÞÞ; and has dual also given by (16).
Let D : c2ðNÞ-c2ðNÞc#c2ðNÞ be a derivation. As before, deﬁne
DF : c0ðNÞ-c2ðNÞc#c2ðNÞ by
DF ðxÞ ¼ DðEF xÞ  DðEF Þ  x ðxAc0ðNÞÞ: ð17Þ
Again DF is a continuous derivation, now from c0ðNÞ into the dual module
c2ðNÞc#c2ðNÞ ¼Kðc2ðNÞÞ:
Since c0ðNÞ is amenable, there exists xFAc2ðNÞc#c2ðNÞ such that DF ¼ adxF : But
for xAc2ðNÞ; xAc0ðNÞ whence we have
DðEF xÞ  DðEF Þ  x ¼ x  xF  xF  x ðxAc0ðZÞÞÞ:
Now given ZAc2ðNÞc#c2ðNÞ; Z ¼Pi ai#bi with Pi jjaijj  jjbijjoN; so writing
ai ¼ ðaðiÞj Þ; etc,
jjZ EF  Zjjp
X
i
X
jeF
jaðiÞj j2
 !1=2 X
k
jbðiÞk j2
 !1=2
-0:
So same argument as above yields
DðxÞ ¼ lim
F
ðx  xF  xF  xÞ: &
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9. Some open questions
1. What are the hereditary properties of these concepts? In particular, if A=J and J
are approximately amenable (or essentially amenable) what about A? Note that if
A=J is approximately amenable (or essentially amenable) and J is amenable, then the
standard argument, [24, p. 42], shows that A is approximately amenable (resp.
essentially amenable).
2. Is an approximately (essentially) amenable uniform algebra trivial?
3. Does an approximately (essentially) amenable algebra A have an approximate
identity?
4. Is there a proper Segal subalgebra of L1ðGÞ which is approximately amenable?
5. What is the situation for C-algebras? In particular, is A approximately
amenable if and only if A is approximately amenable in the sense of Connes?
6. VNðGÞ is amenable iff G has an abelian subgroup of ﬁnite index iff the
irreducible representations of G have bounded degree. For compact G; is VNðGÞ
approximately amenable?
7. When is KðXÞ approximately amenable, X a Banach space?
8. When is a nest algebra approximately amenable?
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